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Gauss-Bonnet black holes with non-constant curvature horizons
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Centro de Estudios Cientı´ficos (CECS), Casilla 1469, Valdivia, Chile
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We investigate static and dynamical n(≥ 6)-dimensional black holes in Einstein-Gauss-Bonnet gravity of
which horizons have the isometries of an (n − 2)-dimensional Einstein space with a condition on its Weyl
tensor originally given by Dotti and Gleiser. Defining a generalized Misner-Sharp quasi-local mass that satisfies
the unified first law, we show that most of the properties of the quasi-local mass and the trapping horizon are
shared with the case with horizons of constant curvature. It is shown that the Dotti-Gleiser solution is the
unique vacuum solution if the warp factor on the (n − 2)-dimensional Einstein space is non-constant. The
quasi-local mass becomes constant for the Dotti-Gleiser black hole and satisfies the first law of the black-hole
thermodynamics with its Wald entropy. In the non-negative curvature case with positive Gauss-Bonnet constant
and zero cosmological constant, it is shown that the Dotti-Gleiser black hole is thermodynamically unstable.
Even if it becomes locally stable for the non-zero cosmological constant, it cannot be globally stable for the
positive cosmological constant.
PACS numbers: 04.20.Cv, 04.50.-h. 04.50.Gh 04.70.Bw 04.70.Dy
I. INTRODUCTION
The four-dimensionality of the spacetime is one of the
biggest problems in theoretical physics. One of the possible
ways to tackle to this ambitious problem is to set the num-
ber of spacetime dimensions as a parameter in order to clar-
ify the characteristic properties of the four-dimensional space-
time. In this context, Lovelock higher-curvature gravity plays
an important role because it is the most natural generalization
of general relativity in higher dimensions as the second-order
partial differential equations without torsion [1]. Among all
the classes of Lovelock gravity, the second-order Lovelock
gravity, so called the Einstein-Gauss-Bonnet gravity is par-
ticularly interesting not only because it is the simplest non-
trivial Lovelock gravity but also because it is realized in the
low-energy limit of heterotic string theory [2].
Up to now, not many rigorous results have been estab-
lished on the generic properties of Lovelock gravity. Under
the present circumstance, the analysis in the symmetric space-
time must be completed to give a firm base for the subsequent
study in the less symmetric spacetime. Hence the n(≥ 5)-
dimensional spacetime having symmetries corresponding to
the isometries of an (n − 2)-dimensional constant curvature
space has been intensively investigated. The active study of
the Gauss-Bonnet black holes was triggered by the discov-
ery of the exact black-hole solution by Boulware and Deser
and independently by Wheeler [3, 4]. This solution has been
generalized to the topological case with a cosmological con-
stant as well as the electric charge [5–7]. Interestingly, the
Birkhoff’s theorem can be generalized in this system [5, 8–
10]. The thermodynamical aspects [11] and dynamical sta-
bility of the black hole [12] have been fully investigated and
now the Gauss-Bonnet black hole attracts a keen interest from
the viewpoint of gauge/gravity correspondence [13]. The dy-
namical aspects of the Gauss-Bonnet black holes have been
recently studied [10, 14–16]. (See [17] for recent reviews.)
One of the characteristic properties of the higher-order
∗Electronic address: hideki-at-cecs.cl
Lovelock gravity is that the gravitational equations contain
the Riemann tensors explicitly, while the Einstein tensor is
written only with the Ricci tensor and the Ricci scalar. This
means that the curvature-effect appears more sharply in the
higher-order Lovelock gravity. This fact is explicitly shown
in the solution obtained by Dotti and Gleiser in Einstein-
Gauss-Bonnet gravity [18]. In general relativity, if we replace
the (n − 2)-dimensional space of positive constant curvature
in the Schwarzschild-Tangherlini spacetime by any (n − 2)-
dimensional Einstein space with positive curvature, the result-
ing spacetime is still a solution of the vacuum Einstein equa-
tions. However, it is not the case in higher-order Lovelock
gravity. Dotti and Gleiser obtained a n(≥ 6)-dimensional
black-hole solution of which (n − 2)-dimensional submani-
fold is not a constant curvature space but an Einstein space
satisfying a certain condition on its Weyl tensor. The effect of
the Weyl tensor appears in the metric function as a parameter
and makes the spacetime geometry quite non-trivial.
The Dotti-Gleiser black hole is very important to clarify
the nature of the higher-curvature effects. The final goal of
this paper is to analyze the thermodynamical aspects of the
Dotti-Gleiser black hole, which has not been done yet. Not
only because the spacetime has a non-trivial boundary but
also because the contribution of the Weyl tensor appears as
the slow fall-off in the metric function, we first face the prob-
lem of the definition of mass for this black hole. For this
purpose, we take the quasi-local mass approach. In our re-
cent papers where (n − 2)-dimensional submanifold is of
constant curvature, we showed that the results in general rel-
ativity can be generalized in Einstein-Gauss-Bonnet gravity
in a unified manner by introducing a well-defined quasi-local
mass [10, 15, 16]. That quasi-local mass is a natural general-
ization of the Misner-Sharp mass in general relativity, which
is considered to be the best one in the spherically symmet-
ric spacetime [19]. Remarkably, we will show that a further
generalization of this results is possible for the case where the
(n− 2)-dimensional submanifold is an Einstein space satisfy-
ing the condition by Dotti and Gleiser. Reading off the black-
hole mass by the generalized Misner-Sharp mass, we study
the thermodynamical aspects of the black hole.
The rest of the present paper is constituted as follows. In
2the following section, we give the definition of our quasi-local
mass and show its basic properties. Section III focuses on the
study of dynamical black holes defined by a future outer trap-
ping horizon. The analyses in these two sections are similar
to our previous works in [10, 15, 16] and therefore we omit
the proofs of several propositions. In section IV, we study
the properties of the Dotti-Gleiser black hole. Concluding re-
marks and discussions including future prospects are summa-
rized in section V. In appendix A, we present several examples
of the Einstein space satisfying the condition given by Dotti
and Gleiser. In appendix B, the expressions of the curvature
tensors are presented.
Our basic notations follow [20]. The conventions of curva-
ture tensors are [∇ρ,∇σ]V µ = RµνρσV ν and Rµν = Rρµρν .
The Minkowski metric is taken to be the mostly plus sign, and
Roman indices run over all spacetime indices. We adopt the
units in which only the n-dimensional gravitational constant
Gn is retained.
II. GENERALIZED MISNER-SHARP MASS IN
EINSTEIN-GAUSS-BONNET GRAVITY
A. Preliminaries
The action in the n(≥ 5)-dimensional spacetime in
Einstein-Gauss-Bonnet gravity in the presence of a cosmolog-
ical constant is given by
S =
∫
dnx
√−g
[
1
2κ2n
(R − 2Λ + αLGB)
]
+ Smatter,
(2.1)
LGB :=R
2 − 4RµνRµν +RµνρσRµνρσ, (2.2)
where κn :=
√
8πGn, Gn is the n-dimensional gravitational
constant, and LGB is called the Gauss-Bonnet term. Smatter
in Eq. (2.1) is the action for matter fields. α is the coupling
constant of the Gauss-Bonnet term. This type of action is de-
rived in the low-energy limit of heterotic string theory [2] and
then α is regarded as the inverse string tension and positive-
definite. In this paper, we don’t specify the sign of α unless
otherwise noted. (In our previous works in [10, 15, 16], α > 0
was assumed.)
The gravitational equation of the action (2.1) is
Gµν := Gµν + αHµν + Λδµν = κ2nT µν , (2.3)
where
Gµν := Rµν − 1
2
gµνR, (2.4)
Hµν := 2
[
RRµν − 2RµαRαν − 2RαβRµανβ
+R αβγµ Rναβγ
]
− 1
2
gµνLGB (2.5)
and T µν is the energy-momentum tensor for matter fields ob-
tained from Smatter. The field equations (2.3) contain up to
the second derivatives of the metric. In the four-dimensional
spacetime, the Gauss-Bonnet term does not contribute to the
field equations, i.e., Hµν ≡ 0, since it becomes a total deriva-
tive.
Suppose the n-dimensional spacetime (Mn, gµν) to be
a warped product of an (n − 2)-dimensional Einstein
space (Kn−2, γij) and a two-dimensional orbit spacetime
(M2, gab) under the isometries of (Kn−2, γij). Namely, the
line element is given by
gµνdx
µdxν = gab(y)dy
adyb + r2(y)γij(z)dz
idzj , (2.6)
where a, b = 0, 1; i, j = 2, ..., n − 1. Here r is a scalar on
(M2, gab) with r = 0 defining its boundary and γij is the
metric on (Kn−2, γij) with its sectional curvature k = ±1, 0.
We assume that (Mn, gµν) is strongly causal and (Kn−2, γij)
is compact. The most general material stress-energy tensor
Tµν compatible with this spacetime symmetry is given by
Tµνdx
µdxν = Tab(y)dy
adyb + p(y)r2γijdz
idzj, (2.7)
where Tab and p are a symmetric two-tensor and a scalar on
(M2, gab), respectively.
The (n− 2)-dimensional Einstein space satisfies
(n−2)
R ijkl =
(n−2)Cijkl + k(γikγjl − γilγjk), (2.8)
where (n−2)Cijkl is the Weyl tensor. The superscript (n − 2)
means the geometrical quantity on (Kn−2, γij). If the Weyl
tensor is identically zero, (Kn−2, γij) is a space of constant
curvature. The Riemann tensor is contracted to give
(n−2)
R ij = k(n− 3)γij , (2.9)
(n−2)
R = k(n− 2)(n− 3). (2.10)
In this paper, we consider the Einstein space (Kn−2, γij)
satisfying a condition
(n−2)
C iklm
(n−2)
C jklm = Θδ
i
j , (2.11)
which is compatible with the Einstein-Gauss-Bonnet equation
(2.3) and Θ is constant. The condition (2.11) was introduced
originally by Dotti and Gleiser and called the horizon condi-
tion [18]. Since (Kn−2, γij) is Euclidean, Θ is non-negative.
The Weyl tensor vanishes identically in three or lower dimen-
sions, so that Θ ≡ 0 holds for n ≤ 5.
Examples of such Einstein spaces with k 6= 0 are presented
in Appendix A. Although we don’t know any example with
Θ 6= 0 and k = 0, we also consider that case in this paper. The
expressions of the decomposed curvature tensors are given in
Appendix B.
B. Generalized Misner-Sharp mass
We define a scalar function on (M2, gab) with the dimen-
sion of mass such that
mΘ :=
(n− 2)V kn−2
2κ2n
{
−Λ˜rn−1 + rn−3[k − (Dr)2]
+ α˜rn−5[k − (Dr)2]2 + α˜Θ˜
n− 5r
n−5
}
, (2.12)
3where α˜ := (n − 3)(n − 4)α, Λ˜ := 2Λ/[(n − 1)(n − 2)],
and Θ˜ := Θ/[(n− 3)(n− 4)]. Da is a metric compatible lin-
ear connection on (M2, gab) and (Dr)2 := gab(Dar)(Dbr).
V kn−2 denotes the area of (Kn−2, γij). This is a further
generalization of the quasi-local mass in the case where
(Kn−2, γij) is a space of constant curvature, namely Θ =
0 [10, 21]. In the four-dimensional spherically symmetric case
without a cosmological constant, mΘ reduces to the Misner-
Sharp quasi-local mass [19].
The derivative of mΘ gives
DamΘ =
V kn−2r
n−2
κ2n
[
Gab(Dbr) − Gbb(Dar)
]
, (2.13)
where we used the following expressions:
Gab(D
br)−Gbb(Dar) =− (n− 2)
DaDbr
r
(Dbr) + (n− 2)(n− 3)k − (Dr)
2
2r2
(Dar), (2.14)
Hab(D
br) −Hbb (Dar) =
2(n− 2)(n− 3)(n− 4)
r3
[k − (Dr)2]
[
(n− 5) [k − (Dr)
2]
4r
(Dar)− (Dbr)(DaDbr)
]
+
(n− 2)Θ
2r4
(Dar). (2.15)
Here the contraction is taken over on the two-dimensional or-
bit space. Now it is easy to show that mΘ satisfies the unified
first law:
dmΘ =Aψadx
a + PdV, (2.16)
where
ψa :=T abD
br + PDar, (2.17)
P :=− 1
2
T aa, (2.18)
A :=V kn−2r
n−2, (2.19)
V :=
V kn−2
n− 1r
n−1. (2.20)
Here ψa and P are a vector and a scalar on (M2, gab), respec-
tively. A and V are the area and areal volume of the sym-
metric subspace, respectively, which satisfy DaV = ADar.
Equation (2.16) does not explicitly contain α, Λ, k, and Θ
and has the same form as in four dimensions [22]. In four
dimensions, the first and the second terms in the right-hand
side are interpreted as the energy flux and the external work,
respectively [22, 23].
We define the locally conserved current vector Jµ as
Jµ :=− 1
κ2n
GµνKν = −T µνKν , (2.21)
Kµ :=− ǫµν∇νr. (2.22)
Here ǫµν = ǫab(dxa)µ(dxb)ν , and ǫab is a volume element of
(M2, gab). K
µ is called the Kodama vector [24, 25], which
is timelike (spacelike) in the untrapped (trapped) region. The
Kodama vectorKµ is divergent-free and generates a preferred
time evolution vector field in the untrapped region. (This
property is discussed in details in [26].) Also, Jµ is divergent-
free because of the identity ∇νGµν ≡ 0. In fact, mΘ is a
quasi-local conserved quantity associated with a locally con-
served current Jµ. This fact is directly observed by another
expression of Jµ [27]:
Jµ =− 1
V kn−2
r−(n−2)
(
∂
∂xa
)µ
ǫabDbmΘ,
=− 1
V kn−2
r−(n−2)ǫµν∇νmΘ, (2.23)
where we used an identity:
ǫab(DbDdr)(D
dr) =(D2r)ǫad(Ddr)− (DaDbr)ǫbd(Ddr).
(2.24)
(It is interesting to compare the expressions (2.21) and (2.23)
with the results in the stationary case given in section 7
in [28].) From Eq. (2.23), we immediately obtain
LJmΘ =J
µ∇µmΘ = 0, (2.25)
which implies that mΘ is conserved along Jµ. As a con-
sequence, the integral of Jµ over some spatial volume with
boundary give mΘ as an associated charge. (See section III
in [10].)
mΘ has a monotonic property, which is one of the most
important properties for the well-defined quasi-local mass. In
a similar manner to Proposition 4 in [10], it is shown that mΘ
is non-decreasing (non-increasing) in any outgoing (ingoing)
spacelike or null direction on an untrapped surface under the
dominant energy condition.
Using the monotonic property, we can show the positivity
of mΘ on the untrapped spacelike hypersurface with a regular
center for Θ = 0. (See Proposition 5 in [10].) Positivity
is another important property for the well-defined quasi-local
mass. For Θ 6= 0, however, the spacetime cannot be regular
at r = 0 since k − (Dr)2 = O(r2) in that neighborhood of
r = 0 is not satisfied.
Although it is difficult to show positivity ofmΘ in a generic
case, the case with the following special combination between
Λ and α is exceptional:
1 + 4α˜Λ˜ = 0, (2.26)
4which provides a single maximally symmetric vacuum solu-
tion for the theory and makes the theory the Chern-Simons
gravity in five dimensions [29, 30]. With the relation (2.26),
Eq. (2.12) becomes
mΘ =
(n− 2)V kn−2
8α˜κ2n
rn−5
{
r2 + 2α˜[k − (Dr)2]
}2
+
(n− 2)V kn−2α˜Θ˜
2(n− 5)κ2n
rn−5, (2.27)
and hencemΘ > (<)0 is satisfied for α > (<)0 without other
assumptions.
Solving Eq. (2.12) for (Dr)2, we obtain
−(Dr)2 =− k − r
2
2α˜
(
1∓
√
L
)
, (2.28)
L :=1 +
8κ2nα˜mΘ
(n− 2)V kn−2rn−1
+ 4α˜Λ˜− 4α˜
2Θ˜
(n− 5)r4 .
(2.29)
There are two families of solutions corresponding to the sign
in front of the square root in Eq. (2.28), stemming from the
quadratic curvature terms in the action. We call the family
having the minus (plus) sign the GR-branch (non-GR-branch)
solution. Note that the GR-branch solution has a general rela-
tivistic limit as α→ 0,
−(Dr)2 = −k + 2κ
2
nmΘ
(n− 2)V kn−2rn−3
+ Λ˜r2, (2.30)
but the non-GR branch does not. Throughout this paper, the
upper sign is used for the GR branch. Also, we assume
1 + 4α˜Λ˜ ≥ 0. (2.31)
A branch surface is where two branches of solutions degen-
erate.
Definition 1 A branch surface is an (n−2)-surface with L =
0.
It is shown that the branch surface is generically a curvature
singularity. (The proof is similar to Proposition 12 in [15].)
Since L must be non-negative, we obtain mΘ ≥ (≤)mb for
α > (<)0, where m = mb is the mass on the branch surface
given by
mb :=−
(n− 2)(1 + 4α˜Λ˜)V kn−2rn−1
8κ2nα˜
+
(n− 2)α˜Θ˜V kn−2rn−5
2κ2n(n− 5)
. (2.32)
Hence, mΘ has a lower (upper) bound for α > (<)0.
III. BLACK HOLE DYNAMICS WITH NON-CONSTANT
CURVATURE HORIZONS
In this section, we discuss the dynamical aspects of black
holes. The analysis is performed in the same way as the case
with Θ = 0 in [15], and hence we omit the proofs of several
propositions given in this section.
The line element may be written locally in the double-null
coordinates as
ds2 = −2e−f(u,v)dudv + r2(u, v)γijdzidzj . (3.1)
Null vectors uµ(∂/∂xµ) = (∂/∂u) and vµ(∂/∂xµ) =
(∂/∂v) are taken to be future-pointing. The governing equa-
tions (2.3) are written as
(r,uu + f,ur,u)
[
1 +
2α˜
r2
(k + 2efr,ur,v)
]
= − κ
2
n
n− 2rTuu, (3.2)
(r,vv + f,vr,v)
[
1 +
2α˜
r2
(k + 2efr,ur,v)
]
= − κ
2
n
n− 2rTvv, (3.3)
rr,uv + (n− 3)r,ur,v + n− 3
2
ke−f +
α˜
2r2
[(n− 5)k2e−f + 4rr,uv(k + 2efr,ur,v) + 4(n− 5)r,ur,v(k + efr,ur,v)]
− n− 1
2
Λ˜r2e−f +
α˜Θ˜
2r2
e−f =
κ2n
n− 2r
2Tuv, (3.4)
r2f,uv + 2(n− 3)r,ur,v + k(n− 3)e−f − (n− 4)rr,uv
+
2α˜e−f
r2
[
ef (k + 2efr,ur,v){r2f,uv − (n− 8)rr,uv}+ 2r2e2f(f,ur,ur,vv + f,vr,vr,uu)
+ (n− 5)(k + 2efr,ur,v)2 + 2r2e2f{r,uur,vv + f,uf,vr,ur,v − (r,uv)2}
]
+
2α˜Θ˜
r2
e−f
= κ2nr
2(Tuv + e
−fp). (3.5)
The expansions of two independent future-directed radial null vectors ∂/∂v and ∂/∂u are respectively defined as
θ+ :=
LvA
A
= (n− 2)r−1r,v, (3.6)
θ− :=
LuA
A
= (n− 2)r−1r,u, (3.7)
5where A is the area of the symmetric subspace defined by
Eq. (2.19). The quasi-local mass mΘ is expressed as
mΘ =
(n− 2)V kn−2
2κ2n
rn−3
[
−Λ˜r2 +
(
k +
2
(n− 2)2 r
2efθ+θ−
)
+ α˜r−2
(
k +
2
(n− 2)2 r
2efθ+θ−
)2
+
α˜Θ˜
n− 5r
−2
]
(3.8)
and the unified first law (2.16) gives
mΘ,v =
1
n− 2V
k
n−2e
frn−1(Tuvθ+ − Tvvθ−), (3.9)
mΘ,u =
1
n− 2V
k
n−2e
frn−1(Tuvθ− − Tuuθ+). (3.10)
We impose the energy conditions on the matter field. The null
energy condition for the matter field implies
Tuu ≥ 0, Tvv ≥ 0, (3.11)
while the dominant energy condition implies
Tuu ≥ 0, Tvv ≥ 0, Tuv ≥ 0. (3.12)
Now let us study the properties of trapping horizons. The
notion of trapping horizons was originally introduced by Hay-
ward [31, 32].
Definition 2 A trapped (untrapped) surface is a compact (n−
2)-surface with θ+θ− > (<)0. A trapped (untrapped) region
is the union of all trapped (untrapped) surfaces. A marginal
surface is a compact (n− 2)-surface with θ+θ− = 0.
We fix the orientation of the untrapped surface by θ+ > 0 and
θ− < 0, i.e., ∂/∂u and ∂/∂v are ingoing and outgoing null
vectors, respectively.
Definition 3 A marginal surface is future if θ− < 0, past if
θ− > 0, bifurcating if θ− = 0, outer if θ+,u < 0, inner if
θ+,u > 0 and degenerate if θ+,u = 0.
Definition 4 A trapping horizon is the closure of a hypersur-
face foliated by future or past, outer or inner marginal sur-
faces.
Among all classes, the future outer trapping horizon is the
most relevant in the context of black holes [31, 32]. Since
the branch surface is generically a curvature singularity, we
remove the branch surface from our discussions.
An important fact is that trapping horizons do not al-
ways exist. The following Proposition is shown directly by
Eq. (2.28) without using energy condition.
Proposition 1 (Absence of trapping horizons.) Let α > 0 be
assumed. Then, an (n − 2)-surface is necessarily untrapped,
and trapping horizons are absent in the non-GR-branch solu-
tion for k = 0 and 1. In the GR-branch (non-GR-branch)
solution for k = −1 with r2 < (>)2α˜, an (n − 2)-surface
is always trapped (untrapped), and trapping horizons are ab-
sent. Next let α < 0 be assumed. Then, an (n − 2)-surface
is necessarily trapped, and trapping horizons are absent in the
non-GR-branch solution for k = 0 and −1. In the GR-branch
(non-GR-branch) solution for k = 1 with r2 < (>) − 2α˜, an
(n − 2)-surface is always untrapped (trapped), and trapping
horizons are absent.
By Proposition 1, in the case of α > 0, trapping horizons
may exist only for k = 1, 0 and k = −1 with r2 > 2α˜ in the
GR branch and k = −1 with r2 < 2α˜ in the non-GR branch.
In the case of α < 0, on the other hand, they may exist only
for k = −1, 0 and k = 1 with r2 > −2α˜ in the GR branch
and k = 1 with r2 < −2α˜ in the non-GR branch. In addition
to these conditions, an inequality L(rh) > 0 must be satisfied
in order to have a horizon in a physical region, where L is
given in Eq. (2.29).
Mass on the trapping horizon r = rhis given from Eq. (3.8)
as
mh :=
(n− 2)V kn−2
2κ2n
rn−3h
(
−Λ˜r2h + k + α˜r−2h k2 +
α˜Θ˜
n− 5r
−2
h
)
.
(3.13)
Because of the monotonicity of mΘ, the following mass in-
equality for mh is satisfied [33]
Proposition 2 (Mass inequality.) If the dominant energy con-
dition holds, then mΘ ≥ mh(rh) holds on an untrapped
spacelike hypersurface of which the inner boundary is a
marginally trapped surface with radius rh.
For α ≥ 0 and Λ ≤ 0 with k = 1, Proposition 2 gives a
positive lower-bound for mΘ in the black-hole spacetime.
For the trapping horizon, the following propositions are sat-
isfied. (The proofs are similar to the Propositions 10, 11, and
14 in the case with Θ = 0 in [15].)
Proposition 3 (Signature law.) Under the null energy con-
dition, an outer (inner) trapping horizon in the GR branch is
non-timelike (non-spacelike), while it is non-spacelike (non-
timelike) in the non-GR branch.
Proposition 4 (Trapped side.) Let the null energy condition
be assumed. Then, the outside (inside) region of a future inner
trapping horizon is trapped (untrapped) in the GR branch, and
the outside (inside) region of a future outer trapping horizon
is untrapped (trapped) in the non-GR branch. To the contrary,
the future (past) domain of a future outer trapping horizon is
trapped (untrapped) in the GR branch, and the future (past)
domain of future inner trapping horizon is untrapped (trapped)
in the non-GR branch.
Proposition 5 (Area law.) Under the null energy condition,
the area of a future outer (inner) trapping horizon is non-
decreasing (non-increasing) along the generator of the trap-
ping horizon in the GR branch, while it is non-increasing
(non-decreasing) in the non-GR branch.
It is noted that Propositions 3-5 are satisfied independent of
the sign of α. Propositions 3 and 4 mean that a future outer
trapping horizon in the GR branch is a one-way membrane
being matched to the concept of a black hole as a region of
6no escape. On the other hand, solutions in the non-GR branch
have pathological properties. This is naturally explained by
the relation between Tµνkµkν and Rµνkµkν for a radial null
vector kµ, given as
κ2nTµνk
µkν = ±Rµνkµkν
√
1 +
8κ2nα˜mΘ
(n− 2)V kn−2rn−1
+ 4α˜Λ˜− 4α˜
2Θ˜
(n− 5)r4 . (3.14)
The null convergence condition Rµνkµkν ≥ 0 means that
gravity is essentially an attractive force. In general relativ-
ity, the null energy condition Tµνkµkν ≥ 0 ensures the null
convergence condition. It is the same in the GR branch but the
null convergence condition is violated in the non-GR branch
under the strict null energy condition Tµνkµkν > 0.
That’s why it was intriguing that the dynamical entropy on
the future outer trapping horizon is non-decreasing under the
energy condition independent of the branch, shown for Θ = 0
with α > 0 [15]. Indeed, this entropy increasing law is also
satisfied in the case with Θ independent of the sign of α.
Let us first define the dynamical entropy. The unified first
law (2.16) can be written as
Aψa =Da
[
mΘ −
(n− 2)V kn−2
2κ2n
{
−Λ˜rn−1 + krn−3 + α˜k2rn−5 + α˜Θ˜
n− 5r
n−5
}]
+
(n− 2)V kn−2rn−2
2κ2n
[
(n− 3)(Dr)
2
r2
+ (n− 5) α˜(Dr)
2{2k − (Dr)2}
r4
]
Dar
+
(n− 2)V kn−2rn−2
2κ2n
[
1
r
+
2α˜
r3
[k − (Dr)2]
]
(D2r)(Dar). (3.15)
The first and second terms in the right-hand side vanish on the trapping horizon. Evaluating on the trapping horizon with its
generator ξa, we obtain
Aψaξ
a =
κTHV
k
n−2
κ2n
ξaDa
(
rn−2 + α˜
2(n− 2)
n− 4 kr
n−4
)
, (3.16)
where the dynamical surface gravity κTH is defined by
KbD[bKa] = κTHKa, evaluated on the trapping horizon.
Here Kµ is the Kodama vector (2.22) and we obtain
κTH :=
1
2
D2r
∣∣∣∣
r=rh
. (3.17)
Identifying the right-hand side as TTHLξSTH, where TTH :=
κTH/(2π) is the temperature of the trapping horizon, we ob-
tain the dynamical entropy as
STH =
2πV kn−2
κ2n
(
rn−2h + α˜
2(n− 2)
n− 4 kr
n−4
h
)
,
=
V kn−2r
n−2
h
4Gn
(
1 +
2(n− 2)(n− 3)kα
r2h
)
, (3.18)
where the constant factor was set to zero in order to match the
Wald entropy shown in the next section. It is noted that the
entropy formula (3.18) does not contain Θ explicitly.
Also in the case with Θ, the following entropy-increasing
law is satisfied independent of the sign of α. (The proofs are
similar to the Proposition 15 in the case with Θ = 0 in [15].)
Proposition 6 (Entropy law.) Under the null energy condi-
tion, the entropy of a future outer (inner) trapping horizon
is non-decreasing (non-increasing) along the generator of the
trapping horizon in both branches.
Up to here, the properties of the trapping horizon were al-
most the same as the case with Θ = 0. At the end of this sec-
tion, we show that the positive constant Θ affects the topology
of the trapping horizon. Evaluation of Eq. (3.4) on a trapping
horizon gives
(n− 2)k
2r2h
[n− 3 + (n− 5)α˜kr−2h ] +
(n− 2)α˜Θ˜
2r4h
= κ2ne
fTuv + Λ− efθ+,u
(
1 +
2α˜k
r2h
)
. (3.19)
We notice that Θ term in the left-hand side gives a positive
(negative) contribution for α > (<)0. By Proposition 1, the
last term in the right-hand side is non-negative for the outer
horizon (θ+,u < 0) in the GR branch (independent of the sign
of α). Hence, the right-hand side of Eq. (3.19) is non-negative
for Λ ≥ 0 under the dominant energy condition. On the other
7hand, n− 3 + (n− 5)α˜kr−2h > 0 is shown in the GR branch
by Proposition 1. Hence, the following proposition holds.
Proposition 7 (Topology.) Under Λ ≥ 0 and the dominant
energy condition, an outer trapping horizon in the GR branch
must have a topology of non-negative curvature for Θ = 0
and of positive curvature for Θ 6= 0 with α < 0.
In contrary, the horizon topology of negative curvature
might be possible in the GR branch for Θ 6= 0 with α > 0
in the same setting.
IV. DOTTI-GLEISER VACUUM BLACK HOLE
In the last section, we showed that mΘ is a natural gen-
eralization of the Misner-Sharp mass in the present system.
In this section, we adopt mΘ to evaluate the mass of the
vacuum black hole. In the vacuum case, we obtain mΘ =
M =constant because of Eq. (2.16). Dotti and Gleiser ob-
tained a static vacuum solution [18], of which metric is given
as
ds2 = −f(r)dt2 + f−1(r)dr2 + r2γijdzidzj, (4.1)
where
f(r) :=k +
r2
2α˜
(
1∓
√
h(r)
)
, (4.2)
h(r) :=1 +
8κ2nα˜M
(n− 2)V kn−2rn−1
+ 4α˜Λ˜− 4α˜
2Θ˜
(n− 5)r4 . (4.3)
There are curvature singularities at r = 0 and at r = rb de-
fined by
M = − (n− 2)(1 + 4α˜Λ˜)V
k
n−2r
n−1
b
8κ2nα˜
+
(n− 2)α˜Θ˜V kn−2rn−5b
2κ2n(n− 5)
,
=: Mb(rb). (4.4)
The latter is a branch singularity. For Θ = 0, this solution
reduces as particular limits to the known solutions obtained
before [3–7]. Mb has a positive (negative) local maximum
(mininum) Mb = Mb(ex) at r = rb(ex) for α > (<)0, where
rb(ex) and Mb(ex) are defined by
rb(ex) :=
(
4α˜2Θ˜
(n− 1)(1 + 4α˜Λ˜)
)1/4
, (4.5)
Mb(ex) :=
2(n− 2)α˜Θ˜V kn−2rn−5b(ex)
(n− 1)(n− 5)κ2n
(4.6)
and we have
d2Mb
dr2b
∣∣∣∣
rb=rb(ex)
= − 4(n− 2)α˜Θ˜V
k
n−2
2κ2n
rn−7b(ex). (4.7)
A Killing horizon r = rh is given by f(rh) = 0. The
relation between the mass and the horizon radius is given by
M =
(n− 2)V kn−2
2κ2n
[
−Λ˜rn−1h + krn−3h
+ α˜rn−5h
(
k2 +
Θ˜
n− 5
)]
,
=: Mh(rh). (4.8)
For later convenience, we calculate
dMh
drh
=
(n− 2)V kn−2
2κ2n
[
−(n− 1)Λ˜rn−2h + k(n− 3)rn−4h
+ (n− 5)α˜rn−6h
(
k2 +
Θ˜
n− 5
)]
, (4.9)
d2Mh
dr2h
=
(n− 2)V kn−2
2κ2n
[
−(n− 1)(n− 2)Λ˜rn−3h
+ k(n− 3)(n− 4)rn−5h
+ (n− 5)(n− 6)α˜rn−7h
(
k2 +
Θ˜
n− 5
)]
. (4.10)
For a certain range of parameters, this Dotti-Gleiser solution
admits an outer Killing horizon defined by df/dr|r=rh > 0,
corresponding to the black-hole horizon. An example is the
case with n ≥ 6, k = 1, α > 0, and Λ = 0 in the GR branch.
(See Fig. 1 (a).) Interestingly, there is also an outer Killing
horizon in the case for n ≥ 6, k = 0, α > 0, and Λ = 0
in the GR branch, which is realized only with Θ 6= 0. (See
Fig. 1 (b).) In these cases, M = Mh(r) is monotonically
increasing for rh > 0. In the presence of a branch singularity
for given M , we only consider the domain of r connecting to
the asymptotic region, namely rb < r <∞.
We obtain
Mh(r) −Mb(r) =
(n− 2)V kn−2rn−5(r2 + 2α˜k)2
8α˜κ2n
, (4.11)
and hence Mh ≥ Mb is satisfied for α > 0 with equality
holding only at r = 0 and r2 = −2α˜k for k = −1. For
α > 0 with k = 1, the branch singularity is in the untrapped
region since f(rb) > 0 is satisfied. For n ≥ 6, k ≥ 0, α > 0,
and Λ = 0 in the GR branch, the asymptotic region r → ∞
is in the untrapped region. There is a maximum in the curve
M = Mb(r) at M = Mb(ex)(> 0). As a result, there is one
non-degenerate outer horizon forM > Mb(ex) and no horizon
for M ≤Mb(ex).
A. The Birkhoff’s and rigidity theorems
Here we show that the Dotti-Gleiser solution is the unique
vacuum solution with Θ 6= 0 if r is not constant. (See [35] for
the discussion in a larger class of spacetimes.)
Proposition 8 (Vacuum solutions.) For Θ 6= 0, an n-
dimensional vacuum spacetime in Einstein-Gauss-Bonnet
gravity with the metric form (2.6) is isometric to the Dotti-
Gleiser solution (4.1) if r is not constant, and the Nariai-type
solution if r is constant.
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FIG. 1: The M = Mh(r) (4.8) and M = Mb(r) (4.4) relations for
n = 6, α > 0, and Λ = 0. Figures (a) and (b) corresponds to k = 1
and k = 0, respectively. We adopt the unit (n− 2)V kn−2/(8κ2n) = 1
and α˜ = 1. We put Θ˜ = 1 as an example. (The shape of these curves
are qualitatively similar for n ≥ 7 and Θ > 0.) The thin and thick
curves correspond to M = Mh(r) and M = Mb(r), respectively.
The physical domain of r is given by M > Mb(r).
Proof. First we consider the case with (Dr)2 6= 0. In this
case, we can adopt the coordinates such as
ds2 = −g(t, r)e−2δ(t,r)dt2 + g(t, r)−1dr2 + r2γijdzidzj
(4.12)
without loss of generality. Then the (t, r) or equivalently (r, t)
component of the field equation (2.3) give g(t, r) = g(r) or
g(t, r) = k + r2/(2α˜). Putting g(t, r) = k + r2/(2α˜) in the
field equation (2.3), we obtain a single equation
0 = 4α˜2Θ˜− (n− 1)(1 + 4α˜Λ˜)r4. (4.13)
This equation is not satisfied for Θ 6= 0 and α 6= 0, and hence
we obtain g(t, r) = g(r). Then the equation Gt t − Grr = 0
gives g(r) = k + r2/(2α˜) or ∂δ(t, r)/∂r = 0, and hence
we obtain δ(t, r) = δ¯(t). The function δ¯(t) can be set to
zero by the redefinition of the time coordinate and finally the
field equations are integrated to give the Dotti-Gleiser solu-
tion, namely g(r) ≡ f(r),
Next we consider the case with (Dr)2 = 0. First we con-
sider the case that Dar is a null vector. Then, we can adopt
the coordinates such as
ds2 = −g(u, r)e−2δ(u,r)du2 − 2e−δ(u,r)dudr + u2γijdzidzj
(4.14)
without loss of generality. Then the (u, u) or equivalently
(r, r) component of the field equation (2.3) gives
− 2Λu4 + k(n− 2)(n− 3)u2
+ (n− 2)α[k2(n− 3)(n− 4)(n− 5) + Θ] = 0. (4.15)
Since Θ is positive, the above equation gives a contradiction.
Thus the only possible case for Θ 6= 0 with (Dr)2 = 0 is
that r is a constant r0. This case was considered in [36], in
which (M2, gab) is the two-dimensional maximally symmet-
ric spacetime, of which Ricci scalar (2)R and r0 are given as
r20 =
k(n− 2)(n− 3)
4Λ
(
1±
√
1 +
8αΛ[k2(n− 3)(n− 4)(n− 5) + Θ]
k2(n− 2)(n− 3)2
)
, (4.16)
(2)R =
2r20
r20 + 2αk(n− 3)(n− 4)
(
4Λ
n− 2 −
k(n− 3)
r20
)
. (4.17)
This is a Nariai-Bertotti-Robinson-type spacetime [37], of
which quasi-local mass mN is constant given by
mN :=
(n− 2)V kn−2(2Λ˜r20 − k)
(n− 5)κ2n
rn−30 . (4.18)
The parameters Λ, α, k, n, and Θ are taken for r20 to be real
and positive. (M2, gab) is the two-dimensional flat or (A)dS
spacetime corresponding to (2)R = 0 or (2)R(<) > 0.
Indeed, the vanishing quasi-local mass mΘ = 0 is related
to the vacuum. The following rigidity theorem holds. (The
proof is similar to Proposition 1 in [16].)
Proposition 9 (Rigidity.) Under Θ 6= 0 and the dominant en-
ergy condition for k = 1, Λ ≤ 0, and α > 0, mΘ ≡ 0 is
equivalent to the massless (M = 0) Dotti-Gleiser solution.
9Although the Nariai-type solution may have zero quasi-
local mass, it does not conflict with the above proposition.
mN certainly becomes zero for the solution (4.16) with the
upper sign and
Θ˜ = −k
2(n− 5)(1 + 4α˜Λ˜)
4α˜Λ˜
. (4.19)
However, since we have r20 = k/(2Λ˜) and hence kΛ > 0 is
required in this case, the assumption in Proposition 9 is not
satisfied.
B. Wald entropy and the first-law of the black-hole
thermodynamics
Finally we discuss the thermodynamical aspects of the
Dotti-Gleiser black hole. Since the quasi-local massmΘ gives
M for the Dotti-Gleiser solution (4.1), we identify M as the
mass of the Dotti-Gleiser black hole. As shown below, the
mass M and the Wald entropy of the Dotti-Gleiser black hole
satisfy the first-law of the black-hole thermodynamics.
Let us calculate the Wald entropy of the Dotti-Gleiser black
hole. The Wald entropy is defined by the following integral
performed on (n − 2)-dimensional spacelike bifurcation sur-
face Σ [38–40]:
SW :=− 2π
∮ (
∂L
∂Rµνρσ
)
εµνερσdV
2
n−2, (4.20)
where dV 2n−2 is the volume element on Σ, εµν is the binormal
vector to Σ normalized as εµνεµν = −2, and L is the La-
grangian density. εµν may be written as εµν = ξµην − ηµξν ,
where ξµ and ηµ are two null vector fields normal to Σ satis-
fying ξµηµ = 1. The Lagrangian density of Einstein-Gauss-
Bonnet gravity is given by
L = 1
2κ2n
(R − 2Λ + αLGB). (4.21)
For the later use, we calculate
∂R
∂Rµνρσ
=
∂(gβζgαγRαβγζ)
∂Rµνρσ
,
=gβζgαγδ
[µ
[αδ
ν]
β]δ
[ρ
[γδ
σ]
ζ],
=gβζgαγδ[µαδ
ν]
βδ
[ρ
γδ
σ]
ζ ,
=gρ[µgν]σ. (4.22)
In a similar manner, we calculate
∂(RαβR
αβ)
∂Rµνρσ
=
∂(gηζgγλgακgβωRηαζβRγκλω)
∂Rµνρσ
,
=gηζgγλgακgβωδ
[µ
[ηδ
ν]
α]δ
[ρ
[ζδ
σ]
β]Rγκλω
+ gηζgγλgακgβωδ
[µ
[γδ
ν]
κ]δ
[ρ
[λδ
σ]
ω]Rηαζβ ,
=2gηζgακgβωδ[µη δ
ν]
αδ
[ρ
ζδ
σ]
βRκω
=2gκ[νgµ][ρgσ]ωRκω (4.23)
and
∂(RαβγηR
αβγη)
∂Rµνρσ
=
∂(gαζgβλgγκgηωRαβγηRζλκω)
∂Rµνρσ
,
=gαζgβλgγκgηωδ
[µ
[αδ
ν]
β]δ
[ρ
[γδ
σ]
η]Rζλκω
+ gαζgβλgγκgηωδ
[µ
[ζδ
ν]
λ]δ
[ρ
[κδ
ω]
ζ]Rαβγη,
=2δ[µαδ
ν]
βδ
[ρ
γδ
σ]
ηR
αβγη,
=2Rµνρσ. (4.24)
For the metric (4.1), Σ is given by t =constant and r =
rh =constant and we have εtr = 1. Then, we obtain
∂R
∂Rµνρσ
εµνερσ =g
ρ[µgν]σεµνερσ,
=2grrgttεtrεtr,
=− 2 (4.25)
and
∂LGB
∂Rµνρσ
εµνερσ =εµνερσ
[
2Rgρ[µgν]σ
− 8gκ[νgµ][ρgσ]ωRκω + 2Rµνρσ
]
,
=− 4R+ 8grrRrr + 8gttRtt + 8Rtrtr,
=− 4(n− 2)(n− 3)(k − f(r))
r2
. (4.26)
Finally, the Wald entropy is given by
SW =− 2π
16πGn
∮ (
∂(R+ αLGB))
∂Rabcd
)
εabεcdr
n−2dΩ2n−2,
=− 1
8Gn
[
−2− 4(n− 2)(n− 3)kα
r2h
]
rn−2h
∫
dΩ2n−2,
=
Ah
4Gn
[
1 +
2(n− 2)(n− 3)kα
r2h
]
, (4.27)
where Ah is the area of the horizon. This coincides with the
form of the dynamical entropy (3.18).
We show that the first-law of the black-hole thermodynam-
ics is satisfied for the Dotti-Gleiser black hole. The variation
of Eq. (4.8) with respect to rh is
δM =
(n− 2)V kn−2
2κ2n
[
−(n− 1)Λ˜rn−2h + (n− 3)krn−4h
+ (n− 5)α˜rn−6h
(
k2 +
Θ˜
n− 5
)]
δrh. (4.28)
On the other hand, the variation of SW with respect to rh is
δSW =
2π(n− 2)V kn−2
κ2n
rn−5h (r
2
h + 2kα˜)δrh. (4.29)
The surface gravity κ := (1/2)(df/dr)|r=rh is given by
κ =
−(n− 1)Λ˜r4h + (n− 3)kr2h + (n− 5)k2α˜+ α˜Θ˜
2rh(r2h + 2kα˜)
.
(4.30)
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From Eq. (4.28), (4.29), and (4.30), we obtain
δM = TδSW, (4.31)
where the temperature of the horizon defined by T := κ/(2π).
This is the first-law of the black-hole thermodynamics.
C. Thermodynamical stability
Subsequently, we discuss the thermodynamical stability of
the Dotti-Gleiser black holes. The heat capacity C is given by
C :=
dM
dT
=
dM
drh
/
dT
drh
. (4.32)
The positive heat capacity means the local thermodynamical
stability. dT/drh and dM/drh are given as
dT
drh
=
B
4πr2h(r
2
h + 2kα˜)
2
, (4.33)
B := − (n− 1)Λ˜r4h(r2h + 6kα˜)
− (n− 3)k
(
r2h +
n− 9
2(n− 3)kα˜
)2
− 7n
2 − 46n+ 39
4(n− 3) k
3α˜2 − 3α˜Θ˜
(
r2h +
2
3
kα˜
)
,
(4.34)
dM
drh
=
(n− 2)V kn−2
2κ2n
[
−(n− 1)Λ˜rn−2h + (n− 3)krn−4h
+ (n− 5)α˜rn−6h
(
k2 +
Θ˜
n− 5
)]
. (4.35)
If the system is thermodynamically locally stable, we may
discuss the global thermodynamical stability by the free en-
ergy defined by F := M − TS. If F < 0, the system is
thermodynamically globally stable. The free energy of the
Dotti-Gleiser black hole is given as
F =
V kn−2r
n−5
h D
2κ2n(n− 4)(n− 5)(r2h + 2kα˜)
, (4.36)
D :=(n− 4)(n− 5)Λ˜r6h + 6(n− 2)(n− 5)kα˜Λ˜r4h
+ (n− 4)(n− 5)k
(
r2h +
n− 8
2(n− 4) α˜k
)2
+
n(n− 5)(7n− 32)
4(n− 4) α˜
2k3
+ α˜Θ˜[3(n− 4)r2h + 2(n− 2)kα˜]. (4.37)
The thermodynamical stability depends on the parameters
Λ, α, k, Θ, and n and therefore it is quite complicated to clar-
ify the parameter-dependence of the thermodynamical stabil-
ity. (See [7] for the analysis with Θ = 0.) In addition, the
Dotti-Gleiser black hole may have a branch singularity at a
finite physical radius r = rb which makes the allowed posi-
tion of the horizon not being 0 < rh < ∞. Nevertheless, the
thermal instability is proven analytically for some particular
cases.
Proposition 10 (Thermodynamical instability.) Suppose α >
0 and Θ 6= 0 (and hence n ≥ 6). Then, C < 0 is satisfied for
rh > 0 in the case with Λ = 0 and k ≥ 0. Also, F > 0 is
satisfied for rh > 0 in the case with Λ ≥ 0 and k ≥ 0.
Proof. Let us consider the case with α > 0, Θ 6= 0, and k ≥ 0.
Since 7n2 − 46n+ 39 > 0 for n > 5, we show dT/drh < 0
by Eq. (4.33) for any rh > 0 in the case of Λ ≥ 0. Also, we
show dM/drh > 0 by Eq. (4.35) for any rh > 0 in the case
of Λ ≤ 0. Hence, C < 0 is satisfied for Λ = 0. It is also seen
in Eq. (4.36) that F > 0 is satisfied for any rh > 0 in the case
of Λ ≥ 0.
We already showed the existence of the black-hole config-
uration for k ≥ 0, α > 0, Λ = 0, and Θ 6= 0 at the beginning
of this section. (See Fig. 1.) Proposition 10 implies that the
Dotti-Gleiser black hole cannot be thermodynamically locally
stable in such a case. Even if it becomes locally stable for
Λ 6= 0, α > 0, and k ≥ 0, it cannot be globally stable for
Λ > 0.
Closing this section, we discuss the formation and the evap-
oration of the Dotti-Gleiser black hole. In the case without the
Weyl term, the Boulware-Deser-Wheeler black hole can be
formed from the gravitational collapse of some matter cloud
with a regular center [21, 34]. In contrary, it is not straight-
forward to imagine such a classical formation process in the
presence of the Weyl term because it violates the regularity
condition at the center. Nevertheless, the Dotti-Gleiser black
hole could be formed by some quantum process. After the
formation, the black hole loses its mass and shrinks by the
Hawking radiation. Let us consider the case of Λ = 0, α > 0,
and k = 1, for example. In this case, there is a positive lower
boundM = Mb(ex)(> 0) for the black-hole mass. (See Fig. 1
(a).) Since the temperature of the black hole is still non-zero
at M = Mb(ex), a non-central naked singularity suddenly ap-
pears after some moment as a final state of the Hawking radi-
ation. This evolution scenario is characteristic in the presence
of the Weyl term.
V. SUMMARY
In this paper, we studied the properties of static and
dynamical black holes in the symmetric spacetime in
Einstein-Gauss-Bonnet gravity. We assumed that the n-
dimensional spacetime is a cross product of the two-
dimensional Lorentzian spacetime and a (n− 2)-dimensional
Einstein space with a condition on the Weyl tensor given by
Dotti and Gleiser. We constructed an infinite sequence of such
Einstein spaces as cross products of many Einstein spaces sat-
isfying that condition.
Although the effect of the Weyl tensor appears non-trivially
in the field equations, the unified first law is shown to hold
by introducing a natural generalization of the Misner-Sharp
quasi-local mass. It was shown that that quasi-local mass has
the monotonic property and most of the dynamical properties
of black holes are shared with the case where the (n − 2)-
dimensional submanifold is of constant curvature.
In the vacuum case, we showed the Birkhoff’s theorem
stating that the Dotti-Gleiser solution is the unique vacuum
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solution in the case where the warp factor of the (n − 2)-
dimensional submanifold is non-constant. The mass and the
Wald entropy of the Dotti-Gleiser black hole satisfy the first-
law of the black-hole thermodynamics. We derived the heat
capacity and the free energy of the Dotti-Gleiser black hole
and showed that it cannot be thermodynamically locally sta-
ble for Λ = 0, α > 0, Θ 6= 0, and k ≥ 0. Even if it becomes
locally stable for Λ 6= 0, α > 0, Θ 6= 0, and k ≥ 0, it cannot
be globally stable for Λ > 0.
As a future study, it is important to clarify the parameter-
dependence of the thermodynamical stability of the Dotti-
Gleiser black hole. The analysis seems rather complicated be-
cause of the many parameters as well as the branch singularity
at a finite radius. For the comprehensive study in a systematic
way, the approach using the M -rh diagram presented in [41]
will be useful.
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Appendix A: Einstein spaces satisfying the horizon condition
In [18], Dotti and Gleiser gave a unique example with k = 1
satisfying the horizon condition (2.11) in the class of the
Bohm metric [42, 43]. It is a cross-product of two m(≥ 3)-
dimensional spheres. This example is contained in the fol-
lowing proposition 11 as a special case. Another non-trivial
example satisfying the horizon condition was given in [35],
which is a class of the Bergman space. The metric is
γijdx
idxj =
4
p(1− l¯2ρ2)2
[
dρ2
1 + l¯2ρ2
+ ρ2(1 − l¯2ρ2)(σ21 + σ22) + ρ2(1 + l¯2ρ2)σ23
]
,
(A1)
σ1 :=
1
2
(sin θ cosψdφ− sinψdθ), (A2)
σ2 :=
1
2
(sin θ sinψdφ+ cosψdθ), (A3)
σ3 :=
1
2
(cos θdφ + dψ), (A4)
where l¯ and p are constant, with which we obtain
(4)Rij = 3pl¯
2δij , Θ = 6p
2 l¯4. (A5)
σi (i = 1, 2, 3) are the standard bases of left invariant one-
forms on SU(2). In order to satisfy (d)Rij = k(d − 1)γij
with d = 4 and k = 1, we set pl¯2 = 1 and hence we have
Θ = 6.
In [35], it was also shown that a four-dimensional Einstein
space S2 × S2 satisfies the horizon condition. Its metric and
curvature quantities are
γijdx
idxj =ρ21(dΩ
2
2 + dΩ
2
2), (A6)
(4)Rij =
1
ρ21
δij , Θ =
4
3ρ41
. (A7)
In order to satisfy (d)Rij = k(d−1)γij with d = 4 and k = 1,
we set ρ21 = 1/3 and hence we have Θ = 12.
In fact, if Kp (p ≥ 2) is an Einstein space satisfying the
horizon condition, then the d(= p × q)-dimensional product
space Md ≈ Kp × · · · ×Kp︸ ︷︷ ︸
q
(q ≥ 2) is again an Einstein
space satisfying the horizon condition.
Proposition 11 (Einstein spaces satisfying the horizon condi-
tion.) If Kp(p ≥ 2) is an Einstein space satisfying the horizon
condition (containing the case of Θ = 0), then the d(= p×q)-
dimensional product space Md ≈ Kp × · · · ×Kp︸ ︷︷ ︸
q
(q ≥ 2)
with the same warp factors also satisfies the horizon condi-
tion.
Proof. We consider a d(= p × q)-dimensional product space
(Md, γij) of which metric is given as
γij = diag(r20 γ¯a1b1 , · · · , r20 γ¯aqbq ), (A8)
where i, j = 1, 2, · · · , d and aσ, bσ = (σ−1)q+1, (σ−1)q+
2, · · · , σq for σ = 1, · · · , q. r0 is a constant and γ¯aσbσ is the
metric on Kp satisfying the horizon condition, namely
(p)
C aσbσdσeσ
(p)
C fσbσdσeσ = Θ¯δfσaσ (A9)
is satisfied for each σ, where Θ¯ is a non-negative constant and
the superscript (p) means that it is a geometric quantity on
(Kp, γ¯aσbσ ).
A p-dimensional Einstein space (Kp, γ¯aσbσ ) satisfies
(p)
R aσbσdσeσ =
(p)
C aσbσdσeσ + k¯(γ¯aσdσ γ¯bσeσ − γ¯aσeσ γ¯bσdσ),
(A10)
which is contracted to give
(p)
R aσbσ = k¯(p− 1)γ¯aσbσ , (A11)
(p)
R = k¯p(p− 1). (A12)
The metric γ¯aσbσ may be chosen such that the curvature con-
stant k¯ becomes k¯ = ±1, 0.
Non-zero components of the Riemann tensor, Ricci tensor,
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and the Ricci scalar on (Md, γij) are
(d)
R aσbσdσeσ =
(p)
R aσbσdσeσ ,
=k¯(δaσdσ γ¯bσeσ − δaσeσ γ¯bσdσ) +
(p)
C aσbσdσeσ , (A13)
(d)
R bσeσ =
∑
k
(d)
R akbσakeσ =
(d)
R aσbσaσeσ =
(p)
R aσbσaσeσ ,
=(p− 1)k¯γ¯bσeσ , (A14)
(d)
R =γij
(d)
R ij = r
−2
0
∑
k
γ¯bkek
(d)
R bkek ,
=r−20 (p− 1)k¯
∑
k
γ¯bkek γ¯bkek ,
=r−20 pq(p− 1)k¯. (A15)
Here the superscript (d) means that it is a geometric quantity
on (Md, γij). Equation (A14) implies that (Md, γij) is also
an Einstein space satisfying (d)Rij = r−20 (p − 1)k¯γij . By
choosing r20 to be
r20 =
(p− 1)|k¯|
d− 1 (A16)
for k¯ 6= 0, the curvature constant k on (Md, γij) is set to be
k = ±1.
The Weyl tensor on (Md, γij) is written in terms of the
Riemann tensor as
(d)
C aσbρdκeω =
(d)
R aσbρdκeω −
2
d− 2(γaσ [dκ
(d)
R eω ]bρ − γbρ[dκ
(d)
R eω ]aσ) +
2
(d− 1)(d− 2)
(d)
Rγaσ[dκγeω ]bρ . (A17)
Let us consider which set of (ρ, κ, ω) gives a non-zero component for a given σ. The component for σ = κ 6= ρ = ω is
(d)
C aσbρdσeρ =−
1
d− 2(γaσdσ
(d)
R bρeρ + γbρeρ
(d)
R dσaσ ) +
1
(d− 1)(d− 2)(
(d)
Rγaσdσγeρbρ),
=− 2r
2
0(p− 1)k¯
d− 2 γ¯aσdσ γ¯bρeρ +
r20pq(p− 1)k¯
(d− 1)(d− 2) γ¯aσdσ γ¯eρbρ ,
=− (p− 1)r
2
0 k¯
d− 1 γ¯aσdσ γ¯bρeρ . (A18)
The component for σ = ω 6= κ = ρ is
(d)
C aσbκdκeσ =
(p− 1)r20 k¯
d− 1 γ¯aσeσ γ¯bκdκ . (A19)
The component for σ = κ = ρ = ω is
(d)
C aσbσdσeσ =
(d)
R aσbσdσeσ −
1
d− 2(γaσdσ
(d)
R bσeσ − γaσeσ
(d)
R dσbσ − γdσbσ
(d)
R eσaσ + γbσeσ
(d)
R dσaσ )
+
1
(d− 1)(d− 2)(
(d)
Rγaσdσγeσbσ −
(d)
Rγaσeσγdσbσ ),
=r20 [k¯(γ¯aσdσ γ¯bσeσ − γ¯aσeσ γ¯bσdσ) +
(p)
C aσbσdσeσ ]−
2(p− 1)k¯r20
d− 2 (γ¯aσdσ γ¯bσeσ − γ¯aσeσ γ¯dσbσ )
+
qp(p− 1)k¯r20
(d− 1)(d− 2)(γ¯aσdσ γ¯eσbσ − γ¯aσeσ γ¯dσbσ ),
=r20
[
(p)
C aσbσdσeσ +
(d− p)k¯
d− 1 (γ¯aσdσ γ¯eσbσ − γ¯aσeσ γ¯dσbσ )
]
. (A20)
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Other sets of (ρ, κ, ω) are zero. Hence, we obtain
(d)
C aσijk
(d)
C fηijk =
∑
ρ,κ,ω
(d)
C aσbρdκeω
(d)
C fηbρdκeω ,
=
(d)
C aσbσdσeσ
(d)
C fηbσdσeσ +
∑
ρ6=σ
(d)
C aσbρdσeρ
(d)
C fηbρdσeρ +
∑
ρ6=σ
(d)
C aσbρdρeσ
(d)
C fηbρdρeσ ,
=
(d)
C aσbσdσeσ
(d)
C fηbσdσeσ +
∑
ρ6=σ
(p− 1)2r−40 k¯2
(d− 1)2 γ¯aσdσ γ¯eρbρ γ¯
fηdσ γ¯eρbρ
+
∑
ρ6=σ
(p− 1)2r−40 k¯2
(d− 1)2 γ¯aσeσ γ¯dρbρ γ¯
fηeσ γ¯dρbρ ,
=
(d)
C aσbσdσeσ
(d)
C fηbσdσeσ +
p(q − 1)(p− 1)2r−40 k¯2
(d− 1)2 δ
fη
aσ +
p(q − 1)(p− 1)2r−40 k¯2
(d− 1)2 δ
fη
aσ ,
=r−40
[
(p)
C aσbσdσeσ +
(d− p)k¯
d− 1 (γ¯aσdσ γ¯eσbσ − γ¯aσeσ γ¯dσbσ )
]
×
[
(p)
C fηbσdσeσ +
(d− p)k¯
d− 1 (γ¯
fηdσ γ¯eσbσ − γ¯fηeσ γ¯dσbσ )
]
+
2p(q − 1)(p− 1)2r−40 k¯2
(d− 1)2 δ
fη
aσ ,
=r−40
[
Θ¯ +
2(p− 1)(d− p)2k¯2
(d− 1)2 +
2p(q − 1)(p− 1)2k¯2
(d− 1)2
]
δfηaσ ,
=r−40
[
Θ¯ +
2p(p− 1)(q − 1)k¯2
(d− 1)
]
δfηaσ . (A21)
Writing the horizon condition on (Md, γij) as
(d)
C jklm
(d)
C iklm = Θδij , (A22)
we finally obtain the relation between Θ and Θ¯ as
Θ = r−40
[
Θ¯ +
2p(p− 1)(q − 1)k¯2
(d− 1)
]
. (A23)
Appendix B: Tensor decomposition
In this appendix, we present the decompositions of the Ein-
stein and Gauss-Bonnet tensors. The non-vanishing compo-
nents of the Levi-Civita´ connections are
Γabc =
(2)
Γ abc(y), Γ
i
ij = Γˆ
i
jk(z),
Γaij = −r(Dar)γij , Γija = Dar
r
δij ,
(B1)
where the superscript (2) denotes the two-dimensional quan-
tity, and Da is the two-dimensional linear connection compat-
ible with gab. Γˆijk is the Levi-Civita´ connection associated
with γij . The Riemann tensor is given by
Rabcd =
(2)
R abcd,
Raibj = −r(DaDbr)γij , (B2)
Rijkl = [k − (Dr)2](δikγjl − δilγjk) +
(n−2)
C i jkl.
The Ricci tensor and the Ricci scalar are given by
Rab =
(2)
R ab − (n− 2)DaDbr
r
,
Rij =
{−rD2r + (n− 3)[k − (Dr)2]} γij , (B3)
R =
(2)
R − 2(n− 2)D
2r
r
+ (n− 2)(n− 3)k − (Dr)
2
r2
.
The Einstein tensor is given by
Gab =− (n− 2)DaDbr
r
+ gab
[
(n− 2)D
2r
r
− (n− 2)(n− 3)k − (Dr)
2
2r2
]
, (B4)
Gij =
[
−1
2
r2
(2)
R + (n− 3)rD2r − 1
2
(n− 3)(n− 4)[k − (Dr)2]
]
γij , (B5)
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while the Gauss-Bonnet tensor is
Hab =
2(n− 2)(n− 3)(n− 4)
r3
[k − (Dr)2]
[{
D2r − (n− 5) [k − (Dr)
2]
4r
}
gab −DaDbr
]
− (n− 2)Θ
2r4
gab, (B6)
Hij =2(n− 3)(n− 4)
[
−k − (Dr)
2
2
(2)R− (D2r)2 + (DaDbr)(DaDbr)
−(n− 5)(n− 6) [k − (Dr)
2]2
4r2
+ (n− 5)k − (Dr)
2
r
D2r
]
γij − (n− 6)Θ
2r2
γij . (B7)
The following combinations are useful:
Gab −Gddgab =− (n− 2)
DaDbr
r
+ (n− 2)(n− 3)k − (Dr)
2
2r2
gab, (B8)
Hab −Hddgab =
2(n− 2)(n− 3)(n− 4)
r3
[k − (Dr)2]
[
−DaDbr − (D2r)gab + (n− 5) [k − (Dr)
2]
4r
gab
]
+
(n− 2)Θ
2r4
gab,
(B9)
where the contraction is taken over on the two-dimensional orbit space. The Gauss-Bonnet Lagrangian is given by
LGB =
4(n− 2)(n− 3)
r2
[
k − (Dr)2
2
(2)R+ (D2r)2 − (DaDbr)(DaDbr)
+ (n− 4)(n− 5) [k − (Dr)
2]2
4r2
− (n− 4)k − (Dr)
2
r
D2r
]
+
(n− 2)Θ
2r4
. (B10)
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